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Abstract, We present in this work an anisotropic frustrated classical spin model, in
which the coexistence of continuous and discrete degrees of freedom can be explicitly
considered. We investigate an array of planar (XY) spins with usual bilinear exchange,
on decorated lattices both in two and three dimensions, whose zero-temperature state
is infinitely degenerate. The set of ground states includes a uniform ferrimagnetic
arrangement, a uniform helimagnet, and any arbitrary admixture of these in the form
of coexisting striped domains.

Each ground state in the degeneracy manifold can be exactly mapped to a specified
configuration of an anisotropic Ising model on the dual lattice. Ising spins represent
the discrete chiralify degrees of freedom, Low-temperature continuous excitations
(spin waves) couple these Ising spins, selecting the configuration corresponding to
the ferrimagnetic state (order by thermal disorder).

Adding a competing next-nearest-neighbour interaction allows ane to tune a tran-
sition to the helimagnet; at low temperature the transition occurs through an infinite
sequence of steps, consisting of first-order phase transitions to successive ferrimag-
netic phases, each made of helimagnetically ordered stripes of constant width. The
width increases from phase to phase, and chirality alternates from stripe to stripe.

A discussion of the relationship between decorated continuous spin models and
multi-spin interaction is given.

1. Introduction

Although the concept of frustration in spin systems was introduced by Toulouse as
far back as 1977 {1] , it is still a copious source of surprises.

Even confining one’s scope to classical spins, one faces commensurate-
incommensurate transitions [2,3, 4] under the disguise of ferro-helix transitions [5, 6],
domains and domain walls [7,8), infinitely degenerate groundstates [9] and the associ-
ated curious behaviour known as erder by disorder [10-12], floating phases [13, 14, 15],
Devil’s [16,17] and other [17,18,19,20] staircases, no longer only a mathematician’s
dream. This short list is all but exhaustive.

In this work we discuss a model which contzins many of these features, not only,
we hope, as a physicists’ dream, but as a tentative approach to the helimagnetic
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compounds BaM,(XQ,), (M = Co, Ni; X = P, As) (see, e.g., [21] and references
therin); these are considered good examples of quasi-2D XY spin systems, as shown
by the excellent agreement of their critical behaviour with that proposed by Kosterlitz
and Thouless [22], were it not for the unexplained presence of a sharp, quasi-Ising peak
in the specific heat. One is tempted to associate this peak with excitations of discrete
nature, as domain walls or chirality fluctuations; therefore, even though we have not,
for the moment, addressed the specific problem of these materials, we sought a model
that could accommodate discrete degrees of freedom side by side to the continuous
ones of 2-component (XY) classical spins.

It is well known [23] that the helimagnetic order parameter has an Ising-like sym-
metry due to the existence of right- and left-hand helices (helicity or chirality}, and we
have thought of a system where domains of opposite helicity could coexist, the ther-
modynamics then being controlled by the dynamics of the separating domain walls.

We will present such a model in section 2, where we will show how the continucus
degrees of freedom (spin waves) can be integrated out at low temperature, in order
to obtain an effective, temperature dependent, wall-wall interaction. Section 3 will
then be devoted to the investigation of wall dynamics in two and three dimensions;
the effective coupling turns out to be attractive, therefore stabilizing the phase with
the shorter wall-wall period. With appropriate spin-spin couplings, we drive the
system through a collinear-modulated transition, which takes place through an infinite
sequence of first-order steps. All phases with integer inter-wall spacing from 1 to oo
are visited. Section 4 is for discussion and conclusions, In the appendices we remark
on technical points and discuss the relationship between decorated spin models and
multi-spin interactions.

2. A frustrated system

2.1. The model

Having in mind a system containing domain walls it was only natural to consider an
anisotropic spin model. The presence of coexisting domains is obtained by the choice
of a decorated lattice (figure 1} It consists of a face-centred square lattice, whose
corners are occupied by fwo-component (XY) classical spins §g, mutually interacting
with exchange integrals J, and J, along coordinate axes, and coupled to the four sur-
rounding XY spins o, at the plaguette centres; calling J, the corresponding coupling
constant, the resulting Hamiltonian reads

4
H= _g[stR Sy, T IySr Srys, +J1 3 OCnys, sn} 1)
izl

where 8, and Sy are the unit vectors of positive coordinate axes, while EJ- joins any
corner site to each face centre to its left and right in the direction of the positive y
axis, i.e. 8; = (8, +6,)/2 = ~&; and 8, = (8, ~ 6,)/2 = —~&,. The size of the system
is assumed to be N in each direction.

In order to make the model three-dimensional, we stack identical copies of our
bidimensional lattice along a direction perpendicular to the planes (z direction); a
ferromagnetic coupling is introduced between neighbouring spins in this direction, in
such a way that the system looks like a tetragonal lattice with face-centred basal
planes.
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Figure 1. Decorated lattice and in-plane couplings are shown. .J; and J; are
assumed ferromagnetic, while Jy, is antiferromapnetic.
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Figure 2. Ground state configurations of ths model as function of the reduced
couplings jr = Jz/J1 and jy = J /1 (J1}0). F is the collinear ferromagnetic
region, D® and D¥ label infinitely degenerate stales (see text), Ferri is a twofold
degenerate fernimagnetic phase. The present werk focusses on DY,

2.2. Ground state {T=0) configurations

In the following we will consider the system only as two-dimensional, as ground state
configurations do not depend on z direction under our assumptions.

Since the model can be regarded as the juxtaposition of uncoupled plaquettes,
we look for ground states among the configurations that minimize the energy of each
plaquette, defined as

1
E,= *{ 37 [cos(drts, — $r) + cos(Orys, 15, — Bres, )]

1
+ 57 [cos(Prss, — SR} + cOS(Ppys, 15, — PRis.)]

+ Jy[cos(br — ¢,,) + cos(PRys, — b,,)

+ cos(bpys, +5. — bp,) F COS(bpys, — %J]} (2)

where p, = R+ §, marks the centre of the chosen plaquette, and we assumed S =
c=1.

This minimum energy condition is not sufficient, and one must require that con-
figurations of neighbouring plaquettes are not conflicting; possible ground state are
then (see figure 2):

(i) a usual ferromagnetic phase (F);

(it} two highly degenerate phases {D” and DV), whose characterization we will give
only for D¥, say, since they transform into each other under x — y. Define for each
plaqueite the four angles formed by corner spins with the central one as «, 3, ¥ and
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&, starting from the upper lefi corner and turning clockwise; then in configuration D¥
one has '

y

a:é:—ﬁ:—y::}:%—- e e (3)
with cos(QY /2) = —1/j,, j, = J,/|J,|. The high degeneracy is due to the fact that the
sign of the phase difference along the y direction in one plaquette, 2¢, is completely
uncorrelated with that in the adjacent plaquettes; we will return later in greater detail
to this point;

(iii) a ferrimagnetic phase (Ferri) with
Qt=v) (=) o

a=y=-f=-8=4"5— cos(Q/2) = =1/(i; + j;) (4)
with the same definitions as before. In this case the sign of the phase difference between
neighbouring spins, when selected once for one plaquette, determines the sign in all
other plaquettes. The degeneracy is therefore only twofold.

Boundaries between phases are given by:

(F-D*) je=-1

(P-D¥) Gy =-1

(F-Ferri) Je+ iy =1 732 <0,7,<0
{D*~Ferri) j, =0

(DY—Ferri) i =0

Since the sign of J; is completely immaterial in this classical model, we will take
Jy > 0, and eventually J, = 1.

Let us focus now our attention on phase (ii} (J, > 0). This case is of special
interest since the ground state, in addition to its usual rotational degeneracy, has, as
we said, degeneracy due to frustration. The angle between spins is zero along the
z direction, and the ground state consists of horizontal rows of parallel spins; the
angle QY between the nth and (n + 1)th rows is constrained in its amplitude by the
exchange parameters, but its sign is completely undetermined. This means that in the
ground state we can write Q¥ = 7,Q, where @Q is a constant and 7, = &1 is an Ising
(pseudo)spin; we therefore realize that there is a one-to-one correspondence between
a specified configuration of these Ising spins and a zero-temperature configuration of
the model.

Note that to a uniform ferromagnetic arrangement of Ising variables corresponds
a uniform kelimagnetic (figure 3(b}) ground state, while a ferrimagnetic (figure 3(z))
arrangement of XY spins translates, in Ising spins language, into an antiferrornagnet
along the y direction.

A consequence of this peculiar kind of degeneracy is that domains of coexisting
phases (figure 3(c)), and therefore walls parallel to the ‘ferromagnetic axis’ z, are
allowed with no cost of energy at T' = 0. The free energy of walls will not vanish,
however, at finite temperature, leading to some kind of fluctuation-mediated interac-
tion between walls; this has as a consequence the selection of a special value of the
periodicity in the wall array, and therefore to the selection of one state out of the
degeneracy manifold. This is the form taken in our model by the general principle of
‘order by disorder’, which is just the selection of an ordered state, made by thermal
or quantum fluctuations among a variety of degenerate configurations.

We turn therefore to the low temperature treatment of the model.
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Figure 3. Detailed configurations in region DY are shown: {z) a uniform ferrimag-
netic state, {#) a uniform helimagnetic arrangement and (c) a mixed configuration
showing coexistence of isoenergetic ferrimagnetic and helical domains at T = 0.

2.3. Spin-wave theory

As usual, we write the Hamiltonian in the form adequate for XY spins

H=- Z [Jz: cos(¢ris, — Sr) + Iy cos(drys, — Or)
R

4
+J ZC°S(¢R+6,- —¢R) (5)

i=1

and expand the cosines about the ground state values ¢% of the angular variables,
introducing the deviations ¢ = ¢ — ¢%.

1 1
Hew— RZJ‘(,C) [1 - §(¢R+5m - ¢’R)2 =+ EZ(¢R+5, - T}I)R){]

1
+ 00 [Gnss, — ¥2) - Hosa, - va)] ©)
R
where J&V = J, cos(¢hrs. — 9R): O =g, sin(¢%,;_ — ¢%) and 8, runs over all

nearest neighbours of site R, both at plaguette’s corners and plaquette’s centres.

As we have seen, the high degeneracy in the ground state of the model stems
from the fact that the condition cos@¥ = —1/j, constrains the absolute value of the
angle Q¥ between neighbouring rows, but not its sign; any ground state can in fact be
characterized by a unique distribution of columns of plus and minus signs paralle] to
the y axis; equivalently, an Ising spin can be assigned to each plaquette according to
the following rule:

- Sil’l(tﬁga - 25) _ sin(‘i’gd - 2::)
L sin((,f)ga - ¢gb) [ Siﬂ(‘ﬁ?a h ql"'.(;c) |

)

where a, b, ¢, d label the four plaquette’s corners. Spins parallel to the y axis take
the same value, reducing the problem to 1-dimensional at T = 0.

Thermal fluctuations will then couple these Ising spins, so that we are able to map
the free energy at finite (low) temperature of our XY systern to the ground staie energy
of an Ising system, whose coupling constant vanishes with 7.
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To show how this works, we make use of perturbation theory, keeping the quadratic
part in (6} as a reference Hamiltonian and cubic terms as perturbation. In fact,
all even-power terms depend on ¢ — ¢5, only through cosines, and have the refore
the same sign in each T = 0 configuration {¢°}; their contributions would therefore
cancel identically when comparing the free energies of different ground states. Only
odd-power terms need to be considered if we are interested in ground state selection.

The free energy for fixed rs is, to second order:

Fi{r)) = Fy) = Tln(l - 3 L)
+ g7 L K (DR (D) ®

rr!

where the average {:--), is taken with respect to the harmonic part of (6), F, is a
function of temperature only and X, ({#}) is defined as

K ({9) = = 5 rur,lsin(82, = 8001 (6,, — 4,,)°. (9)

Note that », and r, may be either corners or centres of plaquettes, and dependence
on site positions is only through r =7, —r,.

To be consistent with perturbation approach we must expand the logarithm and
keep the term of lowest order, which is

F({r}) = F(T) - Z T { B (DK ({8]), (10)

rr’

since K, ({#}) is an odd function of ¢ and the term linear in 7 vanishes.
We will devote the next section to the evaluation of this effective Ising Hamiltonian.

8.4, Effective inleraction in the equivalent Ising model

For simplicity we will write all formulae and make all considerations for a 2-dimensional
lattice.

In order to evaluate the average in (11) we note that we are working with a non-
Bravais lattice; we must therefore distinguish between two different spin deviation
fields t, = ¢, — ¢? on two inequivalent sites; we will call 3 those on the plaquette’s
corners and y those on the plaquette’s centres. The harmonic Hamiltonian has then
the explicit form

Hy=5 Z [AU" V_g ¥y + B(k)x_ 1 XE (k)(‘f’_ka + X—kwk)] (11)
where
k, k, Q
A(k) = 4(J,,sm = +-J, cos @sin’® ) + 4J, cos 7 (12)
B(k) = 4J, cosg- (13)
C(k) = 4J, cos g cos ke cos ky (14)

2 2 2
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with usual definition of Fourier transformed field variables

¥ = ﬁ S et (18)
1 | .
Xk = -\/_ﬁ Zxrelk-!'_ (16)

From this Hamiltonian we obtain the correlation functions

k k k k, 17!
— - 2K czly g2k . 2 Fy

(¢_k¢k)u_t[4(1+gx)sm 2 +4(1+g,)sin 5 4 sin 5 sin” (17)

k, k
(x ka)n <¢’ k¢k>n (1‘*‘9;-5“1 "'2"+9,,.51n2 —23') (18)

| K,k
<X—k ¢k>0 = <¢-kxk)o = <¢—k¢’k>o COS?COS —é"- (19)

where
T Iy Iy cos

STe@ T Tes@m T hes@m

Note that we could proceed in another, completely equivalent way: since the o
spins at face centres in (1) do not interact with each other, we can perform the
statistical sum over these variables in the partition function, obtaining an effective
inequivalent interaction between the surrounding § spins. All details are given in
appendix 1. In this way we might avoid the difficulties of working with two fields, at the
price of the appearance of non-bilinear spin-spin couplings in the Hamiltonian. Since,
as it furns out, perturbative calculations are somewhat more lengthy in the latter case,
we will maintain the two-field attitude. It is nonetheless interesting to draw one’s
attention to the occurrence of non-quadratic spin inkeractions in XY and Heisenberg
model as a result of decoration, a fact that is usually overlocked in literature (see,
however, [24]).

The average in (10) is a sum of terms of this form

(g8, AT, AL, AT Ar fe A ) (21)

mrzTTmreT rve

where A8 = 2 — ¢F ; greck indices label the two fields, ¥! = 4, , ¥? = x,.

rira
Since the averages are taken with respect to a Gaussian distribution, we have the
following decoupling scheme:
( AOB A6 AL A’?E A ua )0

TiFaT riraT FiT2 1'1"2 r1=

= <A:’1€,A;.”f,.:) (A'\::QA ) {AY, A7 )0 -+ 8Perm
+ (A‘fﬁ'zAﬂlr, G(Asz:Afﬁrz) (A:'Srz Arlr >o + 5Perm (22)

where the notation Perm refers to permutations of upper indices that glve analogous
contributions.

We will show in appendix 2 that the first set of terms in (22) does not actually
contribute to the effective Ising Hamiltonian; this is due to the fact that, as we said,
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at low temperature the model is effectively 1-dimensional, so that Ising spins do not
depend on the x coordinate. We can therefore integrate in all expression over r,

The non-trivial contribution of the second term can be evaluated only numerically:
it is nonetheless possible to estimate analytically the asymptotical behaviour of this
term, which gives the tail of the interaction between Ising spins, in the continuum
[imit,

Again, the explicit calculation is contained in appendix 3. We only quote here the
result:

T3A
[ deuKADE DY ~ 23)
7
_ 3 1 _— 149,11
A= e ey ot 1 (4 1) @
where J; = Jy sin(Q/2), J, = J, sin Q.
Therefore we can rewrite (10) as
F({T}) = FD(T) + 5 Z'An ﬂ']nf : nls TnTht (25)

n.n’

the coefficients An \nt B0Ing to the constant positive value (24) for large jn —n'|, where
the integers n, n’ label different rows in the y direction. Numerical evaluation confirms
the positive sign at all distances.

This result tells us that the ferrimagnetic state is stabilized at low temperature,
since it corresponds to the antiferromagnetic arrangement of the Ising pseudo-spins,
which is preferred by the plus sign in (25). Our finding is in agreement with current
understanding of ‘order by disorder’: temperature selects the most collinear ground
state.

A helimagnetic Iow-temperature phase may be obtained by addition of a further an-
tiferromagnetic interaction coupling neighbouring plaquettes; we will assume, as most
natural, a weak exchange J, = —eJ, between plaquettes’ centres, directed along y.
Its role will be discussed in the following section 3.

2.5. Ferrimagnelic to paramagnelic transition

Before addressing the subject of modulated ordering, we wish to speculate about
the disordering of the ferrimagnetic phase. As we have seen, it results from the
antiferromagnetic arrangement of an anisotropic Ising model, whose coupling constant
are J;H and JoT,

Since J;ﬁ & JET | the critical temperature is given by

T, = I exp(J27/T,). (26)
The result we have just obtained allows us to estimate

I~ TP A, 0~ T A (27)

To estimate JT we look for main excitations of finite energy. As shown in figure 4,
it is possible to devise a soliton-like mechanism for flipping half of two neighbouring



Ferrimagnelic-helimagnetic transition 4701

- - -~ - - - - - -
P I T T T e T W
A A \ N LY A \ N
T e T T S A Y A
- - - — - \ rd ' /
P N e T T T T BT B A
A \ A \ A \ \ \ A

Figure 4. Solitonic configuration in the ferrimagnetic state. The excitation energy
of such solitons provides an estimate of the effective coupling JEF in the (pseudo)lsing
model along the = direction, and allows to evaluate an approximate Kosterlitz—
Thouless transition temperature in 2D in this phase.

rows from + ~ to — <+, which corresponds to changing the angle between XY spins
bordering the same rows from +Q¥ to —Q¥.
We write the energy of such a soliton along « as

+c0

E= f dz [% (%)2 1 J, sin?((x)) + 47, sin? (‘b(;))] (28)

-0

where the potential
V(%) = J,sin*(¥(x)) + 4J, sin ("!')( ))
oo o (5]

is minimum for ¢ = £Q¥ , as expected.
The energy of the lowest-lying state may be obtained without solving the differ-
ential equation associated to (28), as

+QY
Bo= /70,1 [ 4w/ (30)
_Q:.r
For simplicity we use the double-well approximation
(o) = (@) -] (31)
which gives
~ 4
Ey = 3y/210,1@ (3)

We assume, therefore, JS¥ = Z,/27,(J,1(Q¥)?; inserted in (26), together with
(27), it gives the implicit equation

27,17, 1(@*)
1 2
T. = EexP(—E—_i___)' (33)

T, coincides with the Kosterlitz—Thouless temperature of the model in its collinear
{ferrimagnetic) phase. We turn now to the phase diagram near the collinear-modulated
transition.
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3. Ferrimagnetic—helimagnetic transition

3.1. Inter-plagquetie coupling

The high degeneracy in the ground state of the model may be removed by addition of
an interaction between peighbouring plaguettes. Any purely ferromagnetic coupling
will select the ferrimagnetic ground state, while an interaction which is antiferromag-
netic in the direction of the y axis will stabilize the helimagnetic phase. We assume
the strength of this inter-plaquette exchange |J2] to be small compared to the energy
scale J,, Le. |Jy| = ¢J;; in fact, as we show in appendix 4, the perturbative treat-
ment of this term is justified as long as ¢ < v/T'. But since the indirect coupling
provided by spin waves is of order T2, we have the stronger condition £ < T? which
sets the temperature range of the validity of our approach.

A helimagnetic structure corresponds to a ferromagnetic arrangement of Ising
pseudo-spins; it can be stable only at very low temperature, since a large entropic
gain is obtained by creating domains of opposed chirality (in other words, by creating
walls). In this case the ferrimagnetic or other commensurate structures are favoured.

3.2. Wall free energy

We now want to study how the ferri-helix transition takes place. To do this, we
consider an array of chirality domains of constant width { in unit of latiice constant.
The free energy of this configuration is again given by (25); first of all, if n and n’
belong to domains of equal chirality we get the free energy of the pure helimagnetic
phase, that we denote F,{T,e). Next, since we do not have an analytical expression
for the cocflicients A, . valid at all length scales, we approximate them by their limit
value A, adding a term AC(T) to account for the difference. Therefore we rewrite
(25) in the form

F(T) = F(T,e) - T24% (0(T,0) + 5) (34)

r=%vV_1 _ . e (35)

where primed summation reminds that #» and »’ lie in domains of oppaosite chirality;
hence the product 7,7, is always equal to —1, which gives the minus sign in (34).
N/l is the number of rows in each domain,

The evaluation of the sum is now just a matter of book-keeping of the number
of pairs of sites at a given distance. Take sites in peighbouring domains; defining
In—n'| = k gives 1 £k € 2/ - 1. There is one pair of sites at distance 1, two pairs at
distance 2, and so on, therefore the first term is

H .
k
5, = k} pas : : (36)
=1

Then we find [ — 1 pairs at a distance I+ 1,1 — 2 at distance [+ 2, up to | pair 2{ -1
sttes away: hence

=3

=.l

(37)
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The same holds for third-nearest-neighbour domains (or next-nearest-neighbour
walls), for which 2/ + 1 € k € 41 — 1, and so on; therefore we find

oo |
(I-k)
B=2 2 2pl+k)5 Z[2p+1l+k]5 (38)

p=0k=1

Making use of the following identities
i

i 4
S EF@mi+ k) =D (2ml+E)f (2ml+k) -2 [(2m — 1)+ kIf (2ml + k)
k=1

k=1 k=1

{ {
+23 [2m -+ K f@mI+ k)~ -4+ 2D kf(2mi+ k) (39)
k=1 k=1

i ]
SOEF((2m A DI+ E) = [(2m + DI+ kS ((2m+ DI+ F)
k=1 k=1

— 2 (@ml+E)f ((2m+ 1)+ k)
k=1

i
+23 [2m = 1l + B ((2m + 1)l + k) -
k=1

1
+o = 2) R ((m+ DI+ k) (40
k=1

we can finally write ¥ in the form
[ k 0 oo
— -2 1 +1——-—-—~. (41)
e LE L Gy
The first term is the wall self-energy, while the second 1s the sum of the interactions

between the pth-neighbour walls; replacing the sum over & by an integral we can
evaluate this term as follows

22 (- 1"’*‘W~Z( ”"“f dr s

p=1k=1
= o5 Z é—ﬁc(a) where ¢(3) = 3 1/p% (42)

r=1 =1

(— 1p+1

We have thus found that the free energy per site F/N of the array of walls consists
of an attractive part going o 1/! and a repulsive part oc 1/1*; it can be considered
as a variational expression to be minimized over I, in order to find the equilibrium
value of the inter-wall distance l; at fixed temperature and next-nearest-neighbour
coupling J,.
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8.3. The sequence of phase transitions

Suppose we start in the ferrimagnetic region, near to the ferri-helix boundary; the
Ising spins arrangement is antiferromagnetic, or, in a widespread notation [20], (1)
(one up, one down).

Then the wall free energy is minimized at !, = 1. Lowering the temperature or
increasing |J,|, we move towards the helimagnetic side; since ! can take only integer
values, {, = 2 will be the next minimum. At some intermediate point, however, /; and
{, will correspond to the same free energy, minimal by definition: it appears as a first
order transition between the phases (1} and (2).

One might wonder whether a Devil’s staircase appears as in the Frenkel-Kontorova
model [2]. This is not the case. A Devil’s staircase consists of an infinite number of
intermediate phases between any two phases. For instance, a {I,I + 1} phase made of
alternating domains of opposite chirality with two different widths should be found
between the phases {{} and {{+ 1).

A Devil’s staircase would actually be predicted in our model if only pair inter-
actions w,({) were assumed between domain walls. But this would not be correct,
because the pair interactions (34) between rows can be seen to lead to three-body
forces between domain walls.

To be specific, the phases {{,{ + 1} can be showr to be unstable, We will briefly
sketch the derivation below.,

The structures {{} and ({-+1} have the same free energy for a value of ¢ = ¢, which,
as we see from (34), is given by

C(T,e.) =1E((I+ 1)) = (1+ 1)) (43)
where
e
M) =Y Y M= B)F@pl+ 1+ k) + kF(2pl + )] (44)
p=0k=1
F(k) = 17k5.

The stability of the structure {I, I+ 1) for this special value ¢, would imply, again
from (34),

ST 2O + 2541+ 1) < § [C(Te,) + B “)

where

oo i
S((LI+ 1) =3 Y [+ 1= B)f(2pl+1+p+ k) + Ef(2pl +p+ k)]

p=0k=1
(46)
Inserting (43) into (45), we find that the structure (I,!+ 1} is stable if
28((L 1+ 1)) > 2D + B+ 1)). (47)

Straightforward evaluation shows that this condition is not satisfied, proving that
there is no Devil’s staircase in this model, neither are there longer-period intermediate
phases between (!} and (i + 1}.
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We stress again that this peculiar ordering appears in the chirality degrees of
freedom, near the transition between the ferrimagnetic and helimagnetic regions of
XY spins. In two dimensions there is obviously no long range magnetic order, only
perhaps algebraic correlations; indeed, we are considering classical two-component
spins, while in three dimensions the ferri and helical states are true thermodynamically
stable phases. As we said before, a three-dimensional version of this model is easily
realized by stacking planes along the orthogonal z direction; the interplanar coupling is
assumed ferromagnetic and weak, so that the topology of low-temperature excitations
is essentialy two-dimensional (at low temperature, domain walls are rigid surfaces
lying in the zz plane, and the relevant dynamics takes place in the zy plane).

8.4. The two-dimensional case

In two dimensions, a flogting phase [14]), where chirality correlations are algebraic
but the chiral long-range order is lost, might be suspected to oceur, even at low
temperatures, when the inter-wall period (I} is long.

In fact, kinks normally occur on isolated domain walls in two dimensions even at
low temperature (for instance, this happens in the ANNNI model [15]).

However, in the present case this is not so, in principle.

The reason is that the energy of an isolated kink is of the order of In R, if R is some
characteristic size of the system, and thus diverging in the thermodynamic limit, as
we show in appendix 5. In fact, kinks are associated with a kind of fractional vortex,
since the phase of the XY spins changes by 2Q¥ as one circles a kink along a close
contour; therefore the presence of a kink perturbs the order on the whole plane.

& & § Heli

Ferri @& O <t.>l_ Heli
T—

&)
{Fer[ri)

{Helil

(e}

Flel
Figure 5. Qualitative phase diagram at low temperature in both two and three
dimensions near the ferrimagnetic—helical transition, On the abscissa an appropriate
increasing function of the weak inter-plaquette ccupling ¢ = |Jz|/J; must be un-
derstood. The inserts show details of the intermediate region at increasing scales.
Symbols {r} denote the regular alternation of n +'s and —'s.

A kink depairing transition may occur at fairly low temperature if the pitch of
the helix is nearly commensurate. For instance, if spin rotation from a plaquette to a
neighbouring one is close to 27/3, the energy of a set of three kinks of the same sign
will diverge logarithmically, but with a small coefficient. Therefore the Kosterlitz-
Thouless transition temperature will, in principle, be low. However, the core energy
will be high and there will be very few kinks, so that the experimental observation of
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such a phenomenon will be very difficult. We emphasize that this Kosterlitz—Thouless
transition of the wall array has nothing to do with the ferrimagnetic to paramagnetic
transition, which is also of the Kosterlitz-Thouless type.

The low-temperature part of the phase diagram in both two and three dimensions
is sketched in figure 5.

4. Conclusion

We have presented a classical XY (planar rotator) model which, due to the special
form of the interactions, undergoes an unusual type of transition from helimagnetism
to ferrimagnetism. This trapsition occurs if the interplaquette coupling is reduced
at fixed temperature, or, more physically, if the temperature is increased at fixed
microscopic couplings.

The transition takes place through ar infinite sequence of first order transitions.
The structures successively visited consist of domains of equal width { and infinite
length. In each domain the XY spin are helimagnetically arranged, negative and
positive chirality alternating in neighbouring domains. Thus, the whole structure is,
in principle, ferrimagnetic for all intermediate phases.

The mechanism described in this work is a low-temperature process. It does not
seem to bear any relationship to the (more usual) high-temperature transition mech-
anism described, for instance, in [6]. Other types of transitions may be expected
in such complicated systems within the magnetically ordered regions. One possible
mechanism (of the Kosterlitz—Thouless kind) has been described in section 2.5.

Several interesting issues still remain on the table: the critical behaviour deserves
to be better characterized, even though the analogies with the so-called odd mode! [25]
allow one to guess that the specific heat will indeed possess the Ising-like divergence
[26] observed in the compounds mentioned in the introduction; the behaviour in an
applied magnetic field may also be considered, and new features may be expected in
view of what is known of other Xv helimagnets [27}, where a uniform field may lock
the spin phase in an incomplete Devil’s staircase,

Another open question refers to quantum effects; these are believed to be similar
to thermal effects in one dimension more, and in fact we expect that they remove the
infinite degeneracy in the ground state leading to the selection of the ferrimagnetic
state at T = 0. However, since the detailed nature of the collinear to modulated
transition relies on the explicit form of the effective wall-wall potential, we cannot
rule out the intriguing possibility of a ‘quantum’ Devil’s staircase in two dimensions.
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Appendix 1

It is well known in the case of Ising spins [25] that a bilinear Hamiltonian of the form

H=-%" 85 (A1)
RR!
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may be equivalent, on a decorated lattice, to a Hamiltonian with multi-spin interac-
tions, meaning that it is in general possible to transform the partition function of the
former into that of the latter, by tracing over the decorating spins.
However, to our knowledge, the same possibility has not been investigated for vec-
tor spin models, namely planar and Heisenberg. This is what we do in this appendix.
Consider a Hamiltonian such as

H=_ZJRR'SR'SR'_ZJR.DSR'G-,{J' (Al?)
RR' Rp

We do not require that spins be classical.
The o, operators do not interact with each other, and thus appear as decorating.
Assume that any non-vanishing Jp , 15 equal to g; then the operator

1
M,=-3"1I,,5, (A1.3)
IR
depends only on Sp operators. We can therefore write H in (A1.2) as
H= “Z‘]RR'SR'SR' _gZMP'JP
RR! p

g p
= =Y JprSa - Sw -3 [(M, +0,)" = M2 = o(o+1)]. (A1.4)
RR
Defining in an obvious way H = Hy+ zp H,, we can write the partition function
as

2 ="Trg [exp(—ﬁHO) I, exp(—-ﬁHp)] = Trgexp { ~ ﬁ[Hu + pr] } (AL.5)
I 4

with the position
exp(—B8f,) = Tr, exp(—BH,). {A1.6)

We see that 3, f, plays the role of an eflective Hamiltonian involving only linear
combinations of Sy operators.

As an example, consider Heisenberg (quantum) spins; textbook formulae aliow us
to diagonalize simultaneously two coupled angular momenta. If, for simplicity, we take
o = 1/2, we can easily perform the trace in (A1.5) in the base where o, is diagonal.
For each eigenvalue M(M +1) of M .02 , spins o, and M, couple into a parallel state
of multiplicity 2(M + 1/2)+ 1 = 2(M + 1) and an antiparalle] state of multiplicity
2(M ~1/2) 4+ 1=2M; then

exp(=Bf,) = 2(M + 1) exp {% [(M + g)(M +3)- M- g]}
+2Mexp{%i [(M+%)(M— %)—Mg— %]} (ALT)

hence

exp(~A3f,) = 2(M + 1)exp {%M} + 2M exp {—%2 [M + 1]} . (A1.8)
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Of some interest may be the low-temperature limit of these expressions, both for
positive and negative values of ¢:

() g > 0; the second term in (A1.8) is exponentially small at low T and can therefore
be neglected. Remembering that

(AL9)

B

M= MP2+

W | =

we obtain
i 2 g
fo= “"Q‘J (ZJRpSR) +7
R
) — g .
—Th |14~ (% JRpSR) +T |+ (A1.10)
(i) g < 0; now the first term is negligibly small in (A1.8). We get
2 o
1 g
fp = _°2' (ZJRpSR) + 'Z
R
, — p ,g -
-~ TlIn E (gJRPSR) +T~—1 +Z. (AL.11)

After the extreme quantum case ¢ = 1/2 we address the opposite, classical limit,
o = oco. We distinguish between two situations, where spins are two- and three-
dimensional vectors, respectively.

(e} Planar rotator (classical XY)
Giving the appropriate meaning to the trace operation

x
Tr, exp(8go, - M,) =*/d8exp(ﬁgchp cos 8). (Al1.12)

Equation (A1.6) can be explicitly given as
exp(—Bf,) = 1o(Bgo M,). (A1.13)

and A, is the absolute value of the vector sum (A 1.3)),

1 1 g
M, = [— ZJRPSR, =, (- ZJ,pSR) , (A1.14)
9°R 9 °r
The low temperature limit of the effective Hamiltonian is readily found as

Z T, |270
JRPSR +§ln —T"- E JRpSR
R R

fp = —0 (A115)
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from the large-argument expansion of the modified Bessel function, I;(z) ~ &* /v2nz.
The logarithm in (A1.15) can be neglected in this limit.

Expanding the resulting effective Hamiltonian about ground state configurations
up o cubic ferms, as in the body of the paper, we recover a perturbative treatment
fully equivalent to that of section 2, involving, however, only one kind of field variable
on a Bravais lattice.

(8) Classical Heisenberg
In this case the trace is defined by

x

Tr, exp(Fgo, - M,) = /2wdﬁsin5exp(ﬁngp cos #) (A1.18)
-%
and we obtain immediately

sinh(Bgo M, },)
- = Iy — 2. rhen Al.l7
exp(-p1,) = 2= (A117)

Again the low T limit is straightforward,
= TroSa| + 218|c 25" 7,8 ALIS
fp“"a;RfJR-l-_z-nm%:RpR (AL1B)

and only slightly different from the previous one.
Finally, we briefly comment on decorated donds. In this case the effective coupling
is just a pair interaction. Each decorated bond RR’ confributes a term such as

far = 19| (252 + 28, - Sg.)? (A1.19)

which for two-component spins may be written in terms of the polar angles ¢ of the
spins

cos . (A1.20)

¢p— $p
fRR' = _2|g| _Rz—R

It can be easily seen that an antiferromagnetic, direct-exchange interaction, added to
this indirect, ferromagnetic coupling, will induce a canted state for a single bond.

Appendix 2

The addenda in the first term in the right-hand side of (22) read

A= Y G,,,Grpysin(ey, — 4r,)sin(e]; — 61.)

ryrarirl

X ((1/)1"1 - 1lbi"g)('lfb:""! - ltbr;)>0 (AZI)

where

G"ﬂ’g =Jryr, (('})rl - t!’:‘1'-_-)2);3 . (A2.2)
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Note that here and in what follows, », and », label both plaguettes’ corners and
centres, and therefore do not sit on a Bravais lattice.

We will now show that (A2.1) is independent of 7’s. First of all, we rewrite it,
introducing Fourier transformed fields, as

A= NZZEG,-,G sin(g?, — ¢2,)sin(42 — 6% ) exp (k - (r, —71))

mir2 r r

x {[¥F — ¥ exp(ik - (r) — 7p))]
x [¢p* — ;2 exp(~ik + (7] ~ r5))] )0. (A2.3)
The notation ;' is employed to explicitate the dependence of the fields on the
sublattice that they sit on; in the notation of the body of the paper, ¢} = ¢, if r is
the position of a plaquette’s corner, while ¥ = x,, if r = p is a site at the centre of 2
plaquette.

Perform now the sum over "1 along a given line parallel to y, keeping r{, 5 and
—r, fixed. Then ¢, and ¢2, stay constant, as well as G

Only the last factor in (A2 3) varies, and its sum va.m;flgs unless k, = 0. The

equat;on then takes the form
A= Y55 6,6, sin(gd, — 60,)sin(6Y, — 62,) explik, (4; — 1))k,
y ritarird ky
x (i ~ ¥ exp(ik, (y; — ¥2)0}
X [d’;l - "J";z exp(_iky(y’l - yé))] >u (A2‘4)
We must therefore consider three cases:

(i) r,, 5, v} and v} are the four vertices of a plaquette. In this case the only non-
vanishing contribution results from the terms with 7y ~r, = §, (where we remind that
6, is the unit vector parallel to y), because if r; — r, = 6§, then sin(¢] — ¢%) = 0.
Remembering that sin(¢? — ¢2) = 7,sinQ(y, — y,), where p is the centre of the
plaquette under consideration, we can write (A2.4) as

Ay = —HJ2 Zz Tyby, osin® @sin®(k, /2) {¢pv_,) expik,(p, — p,)  (A2.5)
ep' Ry '
where C'“ is a constant factor;

(it} y, v, and rj label three corners while v{ = p/ is a centre. As before, we can
assume r, — 7, =§,_ . Note that, §, being the unit vector joining each plaquette’s
centre to its neighbours, the term containing ¥} = x, vanishes when we sum over its
four neighbours v, since

> sin(@5,4, ~ ¢,) =0. (A2.6)
&,
Therefore we find
A= J w1 ZE Ty o5in Qsin(Q/2)
!l

pr ky

k
xsin? (2 ) (92 exnlit, (o, = ) (A27)

with a different constant factor C,.,;
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iii} finally, r; = p and 7| = p’ are plaquettes’ centres while v, and +} are corners.
1 1 p 2 2

Again, terms containing x, vanish after summation. Then the contribution of this
term is

Agy = 22Jr12 ZE Tobr, 0 sin’(Q/2)

pp’ ky
x sin®(k, /2) ($,¥_p ), explik,(p, — £,))- (A2.8)
We can now show the irrelevance of the first term of (22), as asserted, since

T

{Uubon)o = 7, cas @+ J; cos(G/2) (A2.9)

and summation over k, in A;;, A;p and A,, gives zero unless p, = p},. These {con-
stant) contributions are therefore the same in every ground state, and only the second
term in (22) is relevant for ground state selection.

Appendix 3

We give in this appendix the explicit form of the Ising spin-spin effective exchange
coupling, together with its analytical long-distance behaviour. It reads

('Kr({wa x})I{r’({‘b: x]’)}ﬂ
= {J;! sin’ Q((¢r+5, - ¢r)(¢rf+6, - 1"‘)"')>g

) 2
7,50 Qsin T3 [((Fras, = ¥) s, — Xk, )
i=1

+ ((d’r-{-ﬁy - tbr’)(%r"+ﬁ_,- - ¢r’))§
+ ((d’r-i—év - xr+6,—)(¢r‘+éy - ¢r‘))g
+ ((Xr-i—&, _tbr)(tp "y, '"'\b ))2]

F Jf sin” Z Z ((¢’r+6 Xr+&,-1)(¢r’+6, T Xrrgdy, ))2

;1_1_1,:1
+ {(bras, = Xegs;, ) (Xergsy, = )V
- {rtss, = ) Brrgs, = Xeras, Vo |
LR AR CHTPRE) 3 (43.1)

The coeflicient of fyz, j;, = J,sinQ is

. k
((rasy = 90 bursa, =¥ ))o = (s [ ™ () sin® 2

52
N =357 atado: | (A3.2)
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The coefficients of .7;];, J; = J, sin(Q/2), are as follows:

{rrss

{bris, -

<(!‘b'+5v

<(¢r+5,

(('/’H-s,, -

<(¢f+6,

((Xr+5,

g .
— V) (Prips, — xr‘+6|)>° = f (gﬁ.)zem.p (l%bk'z)[,

LD : : \
X (2 sin’ -2“’— - 3sin k. sin k,, — isin” %‘sm ky)

1{ 8 8%
> (gp—z - m) {o¥0 ),
v, = xes), = [ e (Wl

k
X (2 sin’ ~21 + %sin k,sink, — isin? k—;'sin ky>

1f 8%
"3 (3—,,- * 50,00, ) (ool
)(Xr’+61 ilb!‘"' )> f (271.)2 lklp (h&kIz)o

k 1 . \
X (2 sin? <% + ~sin k_sin k, + isin® %’- sin ky)

2 2
1{ 8 a2
5 (@ + m) AN
"yb )(Xr'-lwig ¢r )> _/(21!’)2 lklp (lwklz)n

.ok 1. . L2 k:z.'
X (251n -é— — Esm k, sin ky + isin 5 sin k )
1{ 8% il
5 (3_‘02' - ap,apy) <¢’0¢p>u
X,-+a, (¢' r+|5, d, )) _/(27!')2 lk.p(]’/’kp)g
k
2sin® % — 5sink, sink, + isin? %— sin ky)
1 32 62
- 5 (3p2 aprapy) <'¢10¢P)0
Xr+63)(‘¢’rr+6,, ‘/’r )> [(2 32 lk’p(!'/’kIz)n
k
X (2sin -Ey- + -1~sin k,sink, + isin? %—sin ky)
1{ & 8
v (ap aprapy) (Wats)y

)(¢r'+6 ¢r')> /(2 )2 1k-p <I¢k|2>g

oy

/"F""\

o~

(A3.3)

(A3.4)

(43.5)

(A3.6)

(A3.7)

(A3.8)



Ferrimagnetic-helimagnetic transilion
ok, 1 k
X (2 sin? —29- +3 sin k sin k, — isin® —2£ sin ky)
1{ & a2
"3 (a—p‘ * W) (Wobils

((ests = Yo, = ¥)), j G (el

.ok . ook,
X (25111 ?" - %smkx sin k, — isin® ?"'smky)

1{# &
2 (;97,3 - m) (bo¥,),

where we have used the property

. . 13,
(Wixe)oexp(ik - ;) = (j|*) g exp(ike - §;) 3 > "exp(ik - §,).
=1

Therefore we find the contribution of this term as

3 2 2
i, [( 2<w)0) (aa—p;wn) (apyap,}‘*”"”)]

Finally, the coefficients of :712 read

d?k .
<(¢r+6,, = Xrgby )(¢r‘+6y = Xrtgby )>D = / (:z_ﬂ_‘)—geiklp <I¢’k|2)o

— 2 — 2 _y_ —_ H
X (1 Cos 2:: COS ; ‘ 811 ka: 510 ky) + 6({))

8 8 82
~ §(p) - (3 =+ 7 23%89 ) (ot ),

<(¢r+6 = Xr46,)(¥r 45, xr'+6a)> _/(271.)2 mp(h”kfz)u
X (sin2 %’ — e*#= sin? &; €O8S E—) + 8(p)
82 62
2k .
E elke (W’ki%

k . k k
s 2y ik 2K 2%y
X (sm 5 e T sint Sfcost o ) + 8(p)

<(1lbr+6, - Xr+a,)(’/’rf+.sy = Xprgs,

& &
~ §p)+ - (3 > E};f) (%%)0

4713

(A3.9)

(A3.10)

(A3.11)

(A3.12)

(A3.13)

(A3.14)

(A3.15)
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<('¢'r+6,, Xr+6-,.)(¢ 115, ~ Xpr +6,)> /(21r)2 :hp(wki?)n

k
x (1 — cos® %ws2 -21 + %sin k_sin ky) + 8(p)

182 &2 9*
~ &P -7 (gp"g'"-l- 0 2—) {bo¥o)q
d%k
(Gran, = XopsXersan = 902), = [ Ggmze™® (47,

k
§ (ms CPRL Y )+6(p)

~ 8p)+ 3 ( ) (Vo)

<(¢‘r+6 Xr.],.sg)(x:-‘-l-&g r')) ./(211,)2 e (W’kiz)o

k k
X (c052 ?“’sin2 -2 _ e~y gin k—) + 6(p)

2 2

~ 8(p) + ! (;22 3 2) (¢o¢ )o

(e, = XraMtonss, = 90, = [ oo Gy,

2 2

1{ &2 &2 &*
~ =) — = e 9
(p) 1 (3[33. + o2 23;0,3,05.) (¢o¢p)0
a*k
((wr{-&, - xr+6g)(xr'+ deltay _¢’r’)>0 = -/- (21)23*1’ (I¢k!2)0

, , . k
x % [1 — ey 4 gtk (1 + e %y 2c0s? %‘—cos2 —1)] - &(p)

2
i 32 g
~ o) - ( P2 39 Bpr’p )(%M

(e = 6005, = X)), = [ e (),

k, Lk Lk,
X (ms2 > sin’ —5’"- — e~ ¥ gip? 5 ) + 8(p)

19> 8
< s0+3 (- ) ot

k
(et = 30 0rs, = 240, = [ g™ ? (el

o

. . k
x L [1 — e ¥y p gmiks (1 +emttn = 9cos? Mz gog? —;—)] - 8(p)

(A3.16)

(A3.17)

(A3.18)

(A3.19)

(A3.20)

(A3.21)
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k k,
x(cosz%’sinz—;—e ity gin® 2)+t5( p)

~ 8(p) + 5 ( 86 -3-%) {a¥,), (A3.22)

' d*k
<(Xr+61 - ¢r)(¢r'+6, - Xr’+6z)> (21’,)2 lk g <|¢k 2)0

4715

: k
X il)- [1 — e by . gfk= (1 + e %y — 2 cos? %’—’- cos® —2[)] -~ 8(p)

~ —b(p) — ( 3822 + 66—2+2 Bpfap ) (%ot (A3.23)
(Ot = 90 s, = x08)), = [ o™ Dy
| X % [1 — e by 4 gmkx (1 + e~y _ 2 cog? %E-cosz k;)] - 8(p)
~ —&p) - (6322 +?9%§ 3pfap )(%%) (A3.24)
(Gerts =000, = ), = [ oz ()
k..-:

k, 1
2 2y ;
X (1 - cos” 5 cos” 5 + 2smkxsm ky) + 8(p)

~ §(p) - ( ji +aa—:§+ apfap )wow )y (A3.25)
(rar = 50005, r28)), = [ e (70,

X (sin2 521 — e=ike gin? ir;icos2 ﬁ) + 8(p)

(p)+1 ( 3322 37 )(%w Y . (A3.26)
(st = 8 )0tns, — b1y = [ oo™ (0N

k k
X (sin2 d;- — e*fx gin? %cosz —5"-) + 6(p)

2
~ §(p) +% ( ; 5 ap&,) ($a¥p ), (A3.27)

4’k
<(Xr+6-_. - ¢r+5,)(er+5, - ¢r'+a,,)>u f o )2 etke (wk 2)0

k k 1.
2 2 Oy :
X (1 — oS 2” cos” ¢ — o sin k, sin ky) + 8(p)
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1{ 62 & a?
~ 8(p) - i (ﬁ + '3;3- 6p,3p ) (%%) (A3.28)

Collecting previous terms, we get the last contribution in the form
3
=2 [ 8 o?
4J; [4—3 (‘5;2(1#1/’)0 - 3-[;3‘(11)%0)0

3
2 a2 a2
pe (@(’i‘f»’))o + EE(W%)

3( 8 a2
~ 5 (gp—g(tb!i’)o + gp—yf(tf'ﬂb)o)

z
(apzapy (¢¢)0) ] " (A'329)

The long-wavelength behaviour of the correlator is

2
(gb.,qb,.,)u ~ : kzék'p 3 : 2
(27) (1+ g, )62 + (1 + g, k2

-4
< 2
! t In L( L —EL) (A3.30)

%—.——
2r J(1+g)1+g,) l+g. l+g,

where we have defined t,g, and g, as in the text, and L is the size of the system,
We need the derivatives

a2 1 ¢ 1 22°

§E<¢O¢p>o = Tir 1t o Y (Hr—z + —r';') (A3.31)

o2 1 ¢ 1 2

5;3‘(%%)0 =ity [,._2 - 7;4—] (43.32)
o7 1 t 2zy

T (Yo¥ : {A3.33)

57,57, 7" T Ji+e)+g,) =

where the positions z* = p2/(1 +g,), v* = p2/(1 + gy} r? = 2%+ y* have been made.
All terms are integrated over z; after a number of mt,egrat:ons by parts all integrals
are reduced to

371' 1
Iy = /d:c =3 y5 (A3.34)

Adding all contributions and performing some tedious algebra we find the final
result

-

RPN IS R S Y e S S | (A3.35)
8%I+g, | ¥l+g, \l+g, lig, ' '
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Appendix ¢

The helimagnetic structure is stabilized by coupling each plaquette to its neighbours

with an appropriate, weak interaction J, = —eJ,, which is treated perturbatively.
The Hamiltonian is now
H= Z:J cos(¢; — ¢;) — 3 _ Ly;(e) cos(d; — ;) (Ad.1)
i

with L;;(g) = O(e).

Consistently, we assume that ground state configurations are affected only to order
¢; that is, denoting by {#?} and {¢?} the perturbed and unperturbed ground state,
respectively, we can write

3 = o0+ Ag] (Ad.2)

where A¢? ~ e,
Expanding about the ground state and retaining only terms to first order in €, we
get

H=E,+ ZJ,.,. cos(e? — ¢7)[1 — cos(t; — ;)]
J + Z J;; sin(@? — 97} sin(w; — ;)
+ Ey+ Y Ly cos(¢] — ¢D)[1 - cos(th; — ;)]
+ Z L, :sln(tﬁo 83) sin(s; — ¥;)
+ Z s sin(8] — 67) cos(¥; — #;)(Ag] — AgY)
+ Z"ff cos(¢] — ¢7)sin(y; — ;)(Ag) — Ag)). (A4.3)
i

In our perturbative approach, we have now two small parameters, ¢ and
¢? — qb_? = }¥; therefore, we discard all terms containing both these factors. Further,
we neglect terms of order g in the harmonic part. We are left with the perturbing
Hamiltonian

EJ sin(¢9 — ¢9)(w; — ¥;)°
-%Z j cos(87 — d7)(¥; — ¥;)(A¢ — Ag)) (Ad.4)
i

which gives the term C(T,¢) in (34).

Each power Hf introduces a factor f"e". Taking the trace gives an additional
factor 7%/2, and globally one has gn/2c"

The perturbatwe expansion is then convergent only if

e < VT. (A4.5)
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Appendix 5

Consider an isolated kink in an isolated wall (figure A1), the underlying configuration
being helimagnetic; we will show that a fractional vertez is associated with the kink,
meaning by ‘fractional’ that the phase change occurring along a close loop circling the
kink is, in general, only a fraction of 2w. This gives a non-integer vortex strength.

1
|

+Hi+ + + +
|+ + + k44
+|+ + + + + + +

+ - - - - - -
4 + — —_ —— - - — e =
Le? Lt —

Figure Al. Kink in an isolated wall in the helimagnetic phase. Shown is the closed
path along which the spin phase changes of 2Q¥, as explained in the text.

To verify this, we follow a close path starfing on the lefi-hand side, at a distance L
from the wall, in the upper part of the diagram; on approaching the wall, the angle
6; = ¢; -+ QY - r; between neighbouring spins equals ¢, + @Q¥L. On the right-hand
side, we have §;, = ¢, — Q¥ . r,, by definition of domain wall, and the change in & at
a distance LI/ is —QYL’. The effect of the kink is to enlarge the left hand region by
one lattice spacing, at the expenses of the right-hand side; therefore, the phase change
along a rectangular loop whose sides are parallel to the z and y axes turns out to be

AG=QVIL—L'+ (L =1) = (L +1)] = —2¢Q" (A5.1)

if no re-arrangement takes place.
This is the analog of a usual vortex, the only difference being that ¥ is not, in
general, equal to . We can define a new angular variable ¥,,

m
‘F; = a‘i‘et (A5.2)
whose energy is
&y
Ex Jy( 11'2) Z [1 — C-OS(‘I’,' - ‘I’j)] . (A5-3)
i

Since ¥ displays usual vortex behaviour, its lowest-lying configuration has approx-
imately the energy [22]

Ex=J (Q') R (A5.4)

showing that vortex strength is non-integer.
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